A graph is 1-planar if it can be drawn on the plane such that every edge cross at most one other edge. A connected graph H is strongly light in a family of graphs G, if there exists a constant λ, such that every graph in G contains a subgraph K isomorphic to H with deg G (v) ≤ λ for all v ∈ V(K). In this paper, we present some strongly light subgraphs in the family of 1-planar graphs with minimum degree 7.
introduction
All graphs considered are finite, simple and undirected unless otherwise stated. Let G be a graph with vertex set V and edge set E. The neighborhood of a vertex v in a graph G, denoted by N G (v), is the set of all the vertices adjacent to the vertex v, i.e., N G (v) = {u ∈ V(G) | uv ∈ E(G)}. The degree of a vertex v in G, denoted by deg G (v), is the number of edges of G incident with v. We denote the minimum and maximum degrees of vertices of G by δ(G) and ∆(G), respectively. A vertex of degree k is called a k-vertex, and a vertex of degree at most or at least k is call a k − -or k + -vertex, respectively. A graph is 1-embeddable in a surface S if it can be drawn on S such that every edge cross at most one other edge. In particular, a graph is 1-toroidal if it can be drawn on torus such that every edge cross at most one other edge; a graph is 1-planar if it can be drawn on the plane such that every edge cross at most one other edge. The concept of 1-planar graph was introduced by Ringel [8] in 1965, while he simultaneously color the vertices and faces of a plane graph such that any pair of adjacent/incident elements receive different colors. Ringel [8] proved that 1-planar graphs are 7-colorable, and conjectured that they are 6-colorable, this conjecture was proved to be true by Borodin [1, 2] . For the various coloring problem of 1-planar graphs, see [4, 10, 13] .
A connected graph H is strongly light in a family of graphs G, if there exists a constant λ, such that every graph in G contains a subgraph K isomorphic to H with deg G (v) ≤ λ for all v ∈ V(K).
Fabrici and Madaras [5] studied the structure of 1-planar graphs, mainly on the light subgraphs of 1-planar graphs. It is shown that every 3-connected 1-planar graph contains an edge with both ends of degree at most 20, and this bound is best possible. For some other light subgraphs, we refer the reader to [3, 6, 9] .
Light subgraphs
Let G be a graph having been drawn on a surface, if we treat all the crossing points as vertices, and then obtained an embedded graph G † , and call it the associated graph of G, call the vertices of G true vertices and the crossing points crossing vertices. Proposition 1. If a graph G is light in a family of graphs G, then every connected subgraph of G is also light in G.
Theorem 2.1. There is no light connected graph in the family of 1-planar graphs.
Proof. Let G be an arbitrary connected 1-planar graph. There exists a drawing such that there are at least two true vertices w 1 and w 2 of G on the outer curve. Moreover, we can assume that deg G (w 1 ) ≥ 2. Make n copies of this 1-diagram of G, and identify the corresponding vertex w 1 , and identify the corresponding vertex w 2 , the obtained graph is 1-diagram of a 1-planar graph G n (Note that we delete the multiple edge between u and v). In the graph G n − {w 1 , w 2 }, every component has at most |V(G)| − 2 vertices, hence G G n − {w 1 , w 2 }. That is, every subgraph of G n which is isomorphic to G must contains at least one vertex in {w 1 , w 2 }, this vertex has degree at least n in G n , hence G is not a light graph in the family of 1-planar graphs. Proof. Let G be a connected counterexample to the theorem and it has been optimal 1-embedded on the plane (that is, every face of its associated graph is homeomorphic to an open disc). Hence, the graph G contains no K 4 or every copy of K 4 is the type (8
† be the associated graph of G. By Euler's formula, we have
We will use discharging method to complete the proof. The initial charge of every vertex v is deg K † (v) − 6, and the initial charge of every face f is 2 deg K † ( f ) − 6. By (1), the sum of all the elements' charge is −12. We then transfer some charge from the big faces and some big vertices to crossing vertices, such that the final charge of every crossing vertex becomes nonnegative and the final charge of every big vertex and face remains nonnegative, and thus the sum of the final charge of vertices and faces is nonnegative, which leads to a contradiction.
The Discharging Rules:
(R1) Every 4 + -face donates its redundant charge equally to incident crossing vertices;
(R2) Every 7 + -vertex donates its redundant charge equally to incident false 3-faces.
(R3) After applying R1 and R2, every false 3-face donates its redundant charge to the incident crossing vertex.
From the discharging rules, the final charge of every face is nonnegative, and so is every 7 + -vertex. So it suffices to consider the final charge of crossing vertices in K † . Note that every 7 + -vertex v is incident with at most 2 deg(v)/2 false 3-faces. More formally, every 7-vertex sends at least 1/6 to each of its incident false 3-face; every 8-vertex sends at least 1/4 to each of its incident false 3-face; every 9-vertex sends at least 3/8 to each of its incident false 3-face; every 10-vertex sends at least 2/5 to each of incident false 3-face; every 11 + -vertex sends at least 1/2 to each of its incident false 3-face. Let v be an arbitrary crossing vertex in K † , notice that the four neighbors of v are 7 + -vertices. If v is incident with at least two 4 + -faces, then its final charge is greater than 4 − 6 + 2 × 1 = 0. If v is incident with exactly one 4 + -face, then its final charge is at least 4 − 6 + 1 + 6 × 1/6 = 0. If there is no crossing vertex which is incident with four 3-faces, then the sum of the final charge is nonnegative, which derive a contradiction. So we may assume that v is incident with four 3-faces. It is obvious that the four neighbors of v induce a K 4 in G. If this K 4 is of the type (8
, then the final charge of v is at least 4−6+8×1/4 = 0; if this K 4 is of the type (7, 9 + , 9 + , 9 + ), then the final charge of v is at least 4−6+2×1/6+6×3/8 > 0; if this K 4 is of the type (7, 8 − , 9 + , 9 + ), then its final charge is 4 − 6 + 4 × 1/6 + 4 × 3/8 > 0; if this K 4 is of the type (7, 8 − , 8 − , 11 + ), then the final charge of v is at least 4 − 6 + 6 × 1/6 + 2 × 1/2 = 0. Finally, all the faces and vertices have nonnegative charge, which leads to a contradiction. Theorem 2.5. If G is a 1-planar graph with minimum degree 7, then G contains a subgraph as illustrated in Fig (a) . Moreover, every w i is a 23 − -vertex and at most one of them is a 12 + -vertex.
Proof. Let G be a connected 1-planar graph with minimum degree 7, and it has been optimal 1-embedded on the plane (that is, every face of its associated graph is homeomorphic to an open disc). Let K † be the associated graph of G. By Euler's formula, we have
We will use discharging method to complete the proof. The initial charge of every vertex v is deg K † (v) − 4, and the initial charge of every face f is deg K † ( f ) − 4. By (3), the sum of all the elements' charge is −8. We then transfer some charge from 7
+ -vertices to 3-faces, such that the final charge of every element except 7-vertex is nonnegative, hence there exists a 7-vertex such that its final charge is negative and the local structure is desired.
(R1) Every 7 + -vertex w sends 1/2 to each incident false 3-face and sends 1/3 to each incident true 3-face;
(R2) Let f be a face with a face angle w 1 ww 2 and deg(w) = k ≥ 8. From the discharging rules, the final charge of every face is nonnegative, and so is every 8 + -vertex. Hence, there exists a 7-vertex w 0 such that its final charge is negative.
If w 0 is incident with at least one 4 + -face, then its final charge is nonnegative. So we may assume that w 0 is incident with seven 3-faces. Notice that the number of incident false 3-faces are even. If w 0 is incident with at most four false 3-faces, then its final charge is at least 7 − 4 − 4 × 1/2 − 3 × 1/3 = 0. Hence, the vertex w 0 must be incident with six false 3-faces and one true face, and then w 0 receives less than 1/3 from other vertices and faces.
Let w 1 w 0 w 2 be the true 3-face. If both w 1 and w 2 are 8 + -vertices, then w 0 receives at least 1/2 − 1/3 from each of w 1 and w 2 , thus w 0 receives at least 1/3, a contradiction. So at least one of w 1 and w 2 must be a 7-vertex, we may assume that w 1 is a 7-vertex, see Fig (a) .
If w 0 has a neighbor of degree at least 24 in G, then w 0 receives at least 5/6 − 1/2 = 1/3 from this neighbor, which derive a contradiction. Therefore, all the neighbors of w 0 have degree at most 23 in G.
If w 0 has at least two 12 + -neighbors, then w 0 will receive at least 2 × ( , which leads to a contradiction. Hence, the vertex w 0 has at most one 12 + -neighbor.
Corollary 1 (Hudák and Madaras [7] ). Every 1-planar graph with minimum degree 7 contains an edge of type (7, 7) .
Corollary 2. Every 1-planar graph with minimum degree 7 contains a copy of K 1,7 with the center of degree 7 and the other vertices of degree at most 23.
Theorem 2.6. If G is a 1-planar graph with minimum degree 7, then G contains at least one subgraph as illustrated in Fig (b) -(i). Proof. Let G be a connected a 1-planar graph with minimum degree 7, and it has been optimal 1-embedded on the plane (that is, every face of its associated graph is homeomorphic to an open disc). Let K † be the associated graph of G.
By Euler's formula, we have
(R2) Let f be a face with a face angle w 1 ww 2 and deg(w) = k ≥ 8. to w 1 . From the discharging rules, the final charge of every face is nonnegative, and so is every 8 + -vertex. Hence, there exists a 7-vertex w 0 such that its final charge is negative.
Let w 1 w 0 w 2 be the true 3-face. If both w 1 and w 2 are 8 + -vertices, then w 0 receives at least 1/2 − 1/3 from each of w 1 and w 2 , thus w 0 receives at least 1/3, which derive a contradiction. So at least one of w 1 and w 2 must be a 7-vertex, we may assume that w 1 is a 7-vertex, see Fig (a) . , which is a contradiction. Thus, if w 2 is a 7-vertex, then G contains a subgraph as illustrated in Fig (h) ; if w 2 is a 8-vertex, then G contains a subgraph as illustrated in Fig (i) .
Corollary 3.
If G is a 1-planar graph with minimum degree 7, then G contains a triangle of type (7, 7, 9 − ).
As an immediate consequence, the following corollary is an improvement of Theorem 2.3.
Corollary 4.
If G is a 1-planar graph with minimum degree 7, then G contains a 4-cycle C = [x 1 x 2 x 3 x 4 ] of the type (7, 9 − , 7, 9 − ) with a chord x 1 x 3 .
Corollary 5 ([12]
). If G is a 1-planar graph with minimum degree 7, then G contains a copy of
with all vertices of degree at most 9.
